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Abstract
We prove Union- Closed sets conjecture
The union- closed sets conjecture posed by Peter Frankl in 1979. There is an article
in wikipedia on the URL [1], devoted to this problem, see also [6], [7] and List of unsolved
mathematical problems [2]. A family of sets A ⊂ 2[n] is said to be union- closed if the
union of any two set from the family remains in the family. The conjecture states that for
any union- closed family of finite sets, other than family consisting only the empty set,
there exists an element that belong to at least half of the sets from the family.
The conjecture has been proven for many special cases. It is known to be true for
families of at most 46 sets [3], for n ≤ 11 [4], for families of sets in which the smallest set
has one or two elements [5].
We use the natural bijection between 2[n] and {0, 1}n and don’t make difference be-
tween these two sets. Considering natural embedding {0, 1}n → Rn we note, that arbitrary
subset of {0, 1}n can be defined by finite (N) number of inequalities
A = {x ∈ {0, 1}n : (ωi, x) > δi, i ∈ [N ]} , (1)
where
∑n
j=1 ωi,j = Ci, where can be chosen as arbitrary (up to sign) given constants.
Vector x ∈ {0, 1}n belongs to A iff
ϕ({ω}, {x})
∆
=
1
(2pi)N/2
N∏
i=1
∫ ((ωi,x)−δi)/σ
−∞
e−ξ
2/2dξ → 1
1
as σ → 0. Hence
∣∣∣∣|A| − ∑
x∈{0,1}n
1
(2pi)N/2
N∏
i=1
∫ ((ωi,x)−δi)/σ
−∞
e−ξ
2/2dξ
∣∣∣∣→ 0
as σ → 0.
Define
R({ω}) =
∑
x∈2[n]
ϕ({ω}, x)− 2
∑
x∈2[n],1∈x
ϕ({ω}, x),
S({ω}) =
n∑
ℓ=2
∑
x∈2[n],ℓ∈x
ϕ({ω}, x)− (n− 1)
∑
x∈2[n],1∈x
ϕ({ω}, x),
L({ω}) =
∑
x,y∈2[n]
(ϕ({ω}, x) · ϕ({ω}, y))(1− ϕ({ω}, x
⋃
y)
W.l.o.g. we can also fix
∑n
j=1 ωd,j = Cd = const.
Optimization Problem is to find
minR({ω}, x) (2)
when
S({ω}) ≤
1
2
, (3)
L({ω}) ≤
1
2
,
σ → 0.
Values R({ω}) approximate the difference between the volume of A and the double
degree of vertex 1. Value S({ω}) approximate the difference between the sum of degrees
of vertices 2, . . . , n and product of (n − 1) and degree of vertex 1. Value L({ω}) is less
that 1
2
and this indicate that family A is union-closed sets.
Define
L({ω}) (4)
= (R({ω}))′ωd,j − λ1((S({ω}))
′
ωd,j
+ λ2(L({ω}))
′
ωd,j
), λ,λ2 ≥ 0.
Kuhn- Tucker condition for conditional extremum of the function from (2) is as follows
L({ω}) = 0, λ1(S({ω})− 1/2) = λ2(L({ω})− 1/2) = 0 (5)
2
We can assume that −λ1 = λ2 = 0, because S({ω})− 1/2 < 0 and L({ω})− 1/2 < 0 for
sufficiently small σ > 0. Condition L{ω}) = 0 is Kuhn-Tucker necessary condition for
{ω} to be optimal.
We can assume that d = 1 and ωj = ω1,j (other cases are similar). (we skip index d
everywhere in the next formulas assuming that d = 1).
(R({ω}))′ωj =

 ∑
x∈2[n]
ϕ({ω}, x)− 2
∑
x∈2[n],1∈x
ϕ({ω}, x)


′
ωj
(6)
=
1
(2N)N/2σ
∑
x∈2[n],x1=1
N∏
i=2
∫ ((ω,x)−δ)/σ
−∞
e−ξ
2/2dξ
[ ∑
x∈2[n],x1=1,xn=1,xj=0
e−((ω,x)−δ)
2/(2σ2) −
∑
x∈2[n],x1=0,xn=1,xj=0
e−((ω,x)−δ)
2/(2σ2)
+
∑
x∈2[n],x1=0,xn=0,xj=1
e−((ω,x)−δ)
2/(2σ2) −
∑
x∈2[n],x1=1,xn=0,xj=1
e−((ω,x)−δ)
2/(2σ2)
]
= 0.
Thus the equality (6) to be valid should be valid the equality
∑
x∈2[n],x1=1,xn=1,xj=0
e−((ω,x)−δ)
2/(2σ2) −
∑
x∈2[n],x1=0,xn=1,xj=0
e−((ω,x)−δ)
2/(2σ2) (7)
+
∑
x∈2[n],x1=0,xn=0,xj=1
e−((ω,x)−δ)
2/(2σ2) −
∑
x∈2[n],x1=1,xn=0,xj=1
e−((ω,x)−δ)
2/(2σ2) = 0
Because we consider the case σ → 0 even if we assume that ω depends on σ we can
consider the limit points ω as σ → 0. In this case exponents E in (7) with negative and
positive signs before eE should pairwise coincide (in some order) and hence their sum with
signs should be equal to zero.
Hence we have
∑
x∈2[n],x1=xn=1,xj=0
((ω, x)− δ)2 −
∑
x∈2[n],x1=xj=1,xn=0
((ω, x)− δ)2 (8)
∑
x∈2[n],x1=xn=0,xj=1
((ω, x)− δ)2 −
∑
x∈2[n],x1=xj=0,xn=1
((ω, x)− δ)2
= (ωn − ω1)(2ω1 + ωn + ωj + (ω2 + . . .+ ωj−1 + ωj+1 + . . .+ ωn−1 − 2δ)2
n−3
− (ωn − ωj)(ωn + ωj + (ω2 + . . .+ ωj−1 + ωj+1 + . . .+ ωn−1 − 2δ)2
n−3
= 2ω1(ωn − ωj) = 0.
3
Hence because 1 is the vertex of maximal degree and set is union closed should be ω1 > 0
and ωj = ωn ≥ 0. Also from last condition it follows that we can consider only one integral
in the definition of ϕ, i.e. only one section of hypercube {0, 1}n ∈ Rn by hyperplane.
Now consider A0 = {x ∈ A : 1 6∈ x} Because ωj = ωn, j > 1 and A is union-closed
sets family, we have equality
A0 = {x ∈ 2
[2,n], |x| ≥ λ}
for some λ. Set A1 = A \ A0 is nonempty, because [n] ∈ A1, and
A1 = {x ∈ 2
[n] : 1 ∈ x, |x| ≥ λ1}
for some λ1. Because for Ai = {x ∈ A : i ∈ x} we have |Ai| ≤ |A1|, it follows that
(i > 1)
|Ai| =
n−1∑
j=λ
(
n− 2
j − 1
)
+
n∑
j=λ1
(
n− 2
j − 2
)
≤ |A1|
=
n∑
j=λ1
(
n− 1
j − 1
)
=
n−1∑
j=λ1
(
n− 2
j − 1
)
+
n∑
j=λ1
(
n− 2
j − 2
)
.
From here it follows that λ1 ≤ λ and hence 2|A1| ≥ |A|.
This completes the proof of the conjecture.
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